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Abstract-The development of the velocity, temperature and the concentration profiles in the vicinity 
of the trailing edge is investigated under the boundary layer approximation for an arbitrary initial 
temperature profile and an arbitrary value of the parameter B for the chemical kinetics. 

A series solution is constructed in terms of a system of “universal functions”, from which the initial 
development of an arbitrary initial temperature profile can be calculated with or without chemical 
reaction. The first three terms in the series for the temperature have been tabulated previously and are 
presented here in a diagram. 

In the case of no chemical reaction, the analytical results for a given initial temperature distribution 
predict that the temperature gradient normal to the dividing stream line tends to increase for a limited 
distance in the downstream direction. This may not be anticipated from the consideration of thermal 
diffusion alone. Experimental results confirm this qualitative trend. With the three terms in the series 
solution for the temperature, the agreement between the analytical and the experimental results 
appears also quite satisfactory. 

The analytical results will enable us to calculate the development of the temperature field with 
chemical reaction. There are as yet no experimental data for comparison. 

Resume-Le dtveloppement des profils de concentration, de temperature et de vitesse, au voisinage 
du bord de fuite, est Ctudie a partir d’une approximation de la couche limite pour un profil de 
temperature initial arbitraire et une valeur arbitraire du parametre B de cinetique chimique. 

Une solution en forme de strie est don&e en fonction d’un systeme de “fonctions universelles” a 
partir de laquelle on peut calculer le developpement d’un profil de temperature initial, avec ou sans 
reaction chimique. Pour la temperature, les trois premiers termes de la strie ont ete tabules prectdem- 
ment et sont present&s ici sous forme de diagramme. 

Dans le cas oh il n’y a pas de reaction chimique, les resultats analytiques, trouves pour une 
distribution de temperature initiale, font prevoir un accroissement du gradient de temperature normal 
a la ligne de courant, a partir dune certaine distance dans la direction aval. Ceci ne peut pas s’expliquer 
uniquement par la diffusion thermique. Les resultats exptrimentaux confirment cette tendance 
qualitative. Avec trois termes de la serie solution pour la temperature, l’accord entre resultats analy- 
tiques et experimentaux semble tout a fait satisfaisant. 

Les resultats analytiques nous permettent de calculer le dtveloppement du champ de temperature 
en presence de reaction chimique. I1 n’y a pas encore de don&es experimentales pour les comparer. 

Zusammenfassung-In dieser Arbeit wird die Entwicklung der Profile der Geschwindigkeit, der 
Temperatur und der Konzentration in der Nlhe der Anstromkante untersucht, wobei die Naherungen 
der Grenzschichtlehre sowie beliebige anfangliche Temperaturprofile und Werte fur die Konstante B 
der chemischen Kinetik angenommen werden. 

Es wird eine Reihenlosung in Ausdriicken eines Systems “universeller Funktionen” aufgestellt, von 
der aus die anfangliche Entwicklung eines willktirlichen anfanglichen Temperaturprofiles mit oder 
ohne chemische Reaktion berechnet werden kann. Die ersten drei Ausdrticke in den Reihen fur die 
Temperatur wurden schon frtiher tabellarisch angegeben und sind hier in einem Diagramm 
mitgeteilt. 

Fiir den Fall ohne chemische Reaktion zeigt das analytische Ergebnis fiir eine gegebene anfangliche 
Temperaturverteilung, dass der Temperaturgradient normal zur trennenden Stromlinie ansteigt 
fur eine begrenzte Entfernung in Stromungsrichtung, was allein aus Betrachtungen iiber die Warme 

* This research is carried out as part of the work sponsored by the Office of Ordnance Research, U.S. Army 
under Contract No. OOR DA-36 ORD 2183. 
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ausbreitung nicht vorauszusehen war. Experimentelle Ergebnisse bestltigen qualitativ diesen 
Verlauf. Auch die drei Ausdriicke in der Reihenliisung fur die Temperatur stimmen befriedigend mit 
dem Versuch iiberein. 

Die analytischen Ergebnisse ermoglichen es, die Entwicklung des Temperaturfeldes mit chemischer 
Reaktion zu berechnen. Experimentelle Daten zum Vergleich liegen noch nicht vor. 
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AHHOTa4nR-ClCCJreAyeTC~ pa3saTne none%2 ~KOPO~TLI, TeMIIepaTypbI H KOHI\eHTpa~llE 

~6~1~31~3a~~eBKpo~K~cenapaTopanp~ycnosn~annpoKc~~a~n~HaYanb~oropacnpe~eneH~~ 

TeMnepaTypH~rIorpaaaYaoiv cnoe~npoa3BoJlbHo2iBe.?M9EIHhInapaMeTpa B, xapaKTepM3yw 
WerO XIIMWieCKyIO KHHeTBKy. 

PenteHsse ~o~yYeK0 B sziAe paRa, COCTO~~eP~ A3 WleHOB CACTeMbI ~~yH~iBepCa~bH~x 

@yHKl@iiP, C IIOMOII@KJ KOTOpOrO MOWHO BhIYHCJIBTb pa3BEITHe IIpOll8BOJIbHOrO TeMIIepaTyp- 

Hero pacnpegenens np~ HazwYnII xEiiw4YecKoti peaKqw5 n.nH 6e3 Ke8. IIepBbre ~p5i Y.neHa 

pnfia B peureHin4 AZIR TeMnepaTypnoro r10z1R GbnnI TaiiyaliposambI panee n npencTakueHbI 

3gecb Ha zi4arpawe. 

npE1 OTC~CTB~i~ X~~M~~YeCKO~ peaking aKa~~~T~Yec~~¶e pe3y2bTaTbx a.-ui aazuioro 

HaYazIbHoro TeMnepaTypHoro pacnpeAeneHHfi noKa3bnsaIoT, YTO TeMIiepaTypHblii I'panMeHT, 

nepneH~HKynapHbIfi K ~BHLzI,~, pa3nennlomei8 noToKM, c~pekf~~cs yBe.nnYwrbcR wa orpaaa- 

YeHHOM paCCTOJ-iHMH II0 HaIIpaBJleHkiKl IIOTOKB. &Or0 HeJIL3R 6bI;Io 6, OEWj@Tb, EICXO~R 

113 paCCMOTpeHHf2 TOJIbKO Tep~OA~~~y3~1~. 

,3Kc~epI~~leKTa~bK~e AaHHHe n~)~TBep~~a~T 3TOT KaYeCT~eHHbI~ BbIBO~, hHaZIHTH- 

YeCKEe tf 3KCIIepKMeHTaZIbHbIe pe3yZIbTaTbI TaKSKe BIIOJHe y~OBJleTBOpYlTe~bH0 COI':laCyioTCFf 

~JIR peruerrw, orpaKnYeHHor0 Tpeiw YneKaiw. 

AHaJIEiTHYeCKHe pe3YZTbTaTbI IIO3BOJFiT BbIYllCJILlTb pa3BIITHe TeMIIepaTypHOrO IIO;IH IIpH 

Iia.?iI?YI~R XEiMWfCCKOft peaKqEH. nOKaeIl@ HeT 3Kc~ep~~MeHTanbHbIXAaIiHbIx~~~ CpaBHeHHH. 

I. INTRODUCTION 

IGNITION and combustion in the laminar 
mixing zone between a hot stream consisting of 
combustion products and a cool, combustible 
stream was first treated by Marble and Adamson 
[I] and continued by Dooley [6]. They con- 
sidered a non-viscous, perfectly insulating, 
semi-in&rite partition separating a cool com- 
bustible mixture from its hot combustion 
products. The velocity, temperature and con- 
centration of combustible are assumed uniform 
in each half plane at the trailing edge of the 
partition. Their analysis gives the distribution of 
the temperature, the concentration of the com- 
bustible and the gas velocity in the neighbor- 
hood of the trailing edge of the partition. Their 
results indicate that a local maximum in the 
temperature profile first occurs, due to heat 
release by the chemical reaction, in the hot 
burned gas below the dividing stream line. The 
problem was reconsidered by Cheng and 
Kovitz in 1957 [2] to take into account the 
finite length of the partition and the viscosity 
of the gas. The initial velocity distribution is 
taken to be the Blasius flow over a flat plate, but 
the temperature of each stream is still taken as 
uniform and discontinuous across the thin 
partition. The results indicate that the develop- 
ment of the temperature and the velocity field is 

shortened by an order of magnitude as com- 
pared with the results of Marble and Adamson. 

The key interest of the problem is to obtain an 
estimate of the distance of the local temperature 
maximum downstream of the trailing edge. 
This distance serves to represent the major 
coupling between the chemical kinetic and the 
fluid mechanical aspects in the problem of flame 
stabilization on a solid body [3]. In any practical 
system, heat transfer across the partition will 
give rise to a continuous temperature profile at 
the trailing edge. The heat transfer, prior to mass 
and momentum mixing in the wake may 
adversely affect the rate of chemical reaction and 
the associated phenomena as is clear from the 
discussions in 131. 

The effect of a nonunifo~, continuous initial 
temperature profile on the development of the 
wake of a combustible mixture will be con- 
sidered in the present investigation. 

The results of the present analysis brings out 
an interesting aspect of the heat transfer in a 
viscous wake layer. This is produced by the 
convective motion, normal to the partition, of 
the gases with no~u~fo~ initial temperature 
profiles. The temperature gradient, normal to the 
partition, appears to increase in the down- 
stream direction from the trailing edge of the 
partition for some limited extent. This prediction 



from the analysis compares favorably with 
experimental results. 

II. FORMULATION OF THJ3 PROBLEM 

The governing equations are the conservation 
laws of mass, momentum, energy and the 
concentration of the combustible. Subject to the 
appropriate assumptions [2], the Howarth 
transformation is employed to uncouple the 
continuity and the momentum equations from 
the energy and the diffusion equations. The 
momentum equation is then reduced to the 
incompressible form. In terms of the trans- 
formed variabIes the governing equations can 
be written as 

u, + v, = 0 

2424, + vu, = u,, I (1) 

ut?, + ~0, = & &, + BK exp 

where Prandtl number Pr = C&/k and Schmidt 
number SC = p/pD are assumed to be constant 
throughout the field. The following notations 
are adopted from [2]. 

B = 4lAHjury C,Tn 
C = 41/up 
H = heat released per unit mass of com- 

bustible 
characteristic chemical time constant 

i X universal gas constant 
A = activation energy 
K = relative mass concentration of com- 

bustible 
Trr= heat stream temperature 
B = T/Trr 
0, = A/RTrr 

ZJ and u are non-dimensional axial and trans- 
verse velocity components in the incompressible 
plane, while x, y, are the corresponding non- 
dimensional co-ordinates with the origin at the 
trailing edge of the flat plate. 

The solution for u and v from equations (1) 
was given by Goldstein [4] for the case of flow 
near the trailing edge of a flat plate with sym- 
metric Blasius profile at the beginning of mixing. 
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With 6 = p3 
rl =y/35 

The solution consists of two forms-one valid 
for y small and one for y large. For small y : 

bsE+l =fX7)); C3k1 = rlf&) - 

- (3k -+ 2)f3h) 
The functions j’& fs, fe, and their derivatives 

have been recalculated for smaller mesh size in 
[5] and are used in the present calculation. 

Let the initial temperature profile be expressed 
in the power series form, for small y and 7 in the 
lower and the upper half plane respectively. 

r=O I=-0 

The solution for ~(~~~) will be constructed 
separately in the upper and lower half-planes. 
For small y, solutions of the forms 

&$. 7) = 2 f4(dE’, K(4.d = : K(dP’ (5) 
yr: 0 r-0 

are assumed in each plane. Terms of the type 
e In 6 will be introduced before the 5 term 
whenever necessary. 

The following limiting process is valid 

lim 
c 

@k?)f + 
7=0 r-0 

provided the limiting values 

exist for each 8, and 8,; 

where 
lim, L= [ + 0 rl -+cO f = const. 

lim,= f-s-0 +j+co jj =const. 

The constant &, fl,. will be considered as given 
but will not be specified for the present analysis. 
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They will be determined from an experimentally 
measured initial profile. 

The initial conditions for the concentration 
are 

Iim, rC(.$ . q) +- 0, lim, R{I . Gj) -+ 1 (7) 

therefore 

lim, K,(5 . 7) --f 0, hm K& . ?j) + 1 

lim, Ml . d/~ = lirn, KCS . ?)i% + 0 > 
(81 

when ,G,, is rather close to unity, the equation (4) 
for the initial temperature profile may be 
suitable for the expansion of the exponential 
terms in equation (2). (See Appendix A.) The 
results are ~u~arized as follows 

where 
j=O 

D, = 

D, = I (94 

when /3, is not close to unity, the series (9a) faiIs 
to be adequate since only three terms have been 
carried out for the solution of 0. An alternate 
expansion of the exponential term should be 
used. The series has the same form as equation 
(9) except that Do, D,, D2, are now different from 
those in (9a). The new coeRicients are 

D, = exp --ii 
( 1 

where 

al (9c) 

Substituting (3), (4) and (9) into (2), and equating 
the coefficients of like powers of 6, we obtain a 
series of ordinary differential equations for 
B&) and I&(n) as were in [2]. 

The equations @,(r = 0, 1, 2, 3, 4), and 
K7(r = 0, 1, 2) are given as follows 

~e;+2f,e;=o 

kr e; + 2fo e; - j-6 e:, = 0 

; e; + 2 f. q - 2 f 6 e, = -9BD,,K,, 

i-e; + 2f,e; - 3f;e, = 

- 9B(D,K, + D,Ko) - 5fs 0; 

& 3; + 2 f. 0; - 4 f,’ 19, = -9B(D,K, + 

+ D,Ko) - 5f8 0: + r; 8, +f; tl 

j$~+2f08,-4f~8,=o 

;K:‘+2f,K;-f;Kl=O I , (11) 

; Kg + 2 foK; - 2 fx2 = s)CD,,K@ 
i 
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III. INTEGRATION OF 0 AND K FOR SMALL y 

The solution of the differential equations will, 
in general, depend on the imposed boundary 
conditions and the governing equation itself. 
For purposes of practical application of the 
solution to this problem for a given set of 
physical quantities and initial conditions, it is 
desirable to split the equation in several parts so 
that the individual equation can be freed from 
any arbitrary constants by suitable scale trans- 
formations. Such a splitting is permissible, 
since the equations for 8, and K, are linear. A 
complete solution can then be obtained by 
summing up the split equations. 

(1) The splitting of the solution 
There are no physical constants appearing in 

the homogeneous part of the differential equation 
except the Prandtl number and the Schmidt 
number which were assumed to be 0.75 and I.00 
respectively. The value of 0.75 assumed for the 
Prandtl number is based on the properties of 
CO, at high temperature. The Schmidt number 
is chosen according to the data of ethylene 
oxide and CO,, the two components that will be 
used in the experiment. The homogeneous 
solution is split into two linearly independent 
solutions. Each solution is associated with an 
undetermined constant. The canonical boundary 
condition is assigned at 17 = 0, for each homo- 
geneous solution. When the equation is non- 
homogeneous, the forcing function is split into 
several parts, in such a way that any physical 
constant, which appears in either part may be 
adsorbedintheappropriatescaletransformations. 
Proper boundary values are assigned at 71 = 0, 
so that the numerical calculation will not lead 
to trivial solution. 

Each split equation is then integrated 
separately with the given boundary value at 
7 = 0, the integration process stops whenever 
each split equation reaches a substantially 
stable asymptotic region. The numerical values 
are tabulated in [7] and given graphically as 
Fig. 1. The process of splitting requires that an 
inordinately large number of independent solu- 
tions be integrated. For example, e3, 8,, requires 
6 integrations and e4, 19~, requires 24 independent 
integrations. Only the integrations of OX, 8, and 
0x have been carried out. Therefore, the present 

22 
t /LX'0 

20. 

K- 

6 

2 

'0 2 4 6 6 10 I.2 14 16 
? 

FIG. la. Curves of universal temperature function. 

'0 2 4 6 I.2 14 16 

FIG. lb. Derivative curve of universal temperature 
function. 
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solution cannot be extended to large values of 

xmdy. 

(2) Determination of the constants 
After each split solution is integrated, all the 

solutions are summed to construct a complete 
solution to a given physical problem. 

There are four constants to be determined for 
each pair of 6,, 0,. Thus four boundary conditions 
are required, i.e., those at $ = 5 = 0 and 
? = ?j = CD. The condition that the temperature 
profile be smooth at any value of 5 requires that 
both the function and its first derivative be 
continuous at of = 0. At 71 = co, the temperature 
profile must approach the initial profile as a 
limit. This requires that equations (6) must be 
satisfied for all 0,‘s. The asymptotic behaviors 
of ~9~ and K,, as specified by the differential 
equations are compatible with those specified in 
equations (6). The asymptotic behavior of the 
solution also serves to indicate the cut off point 
of the numerical integration. The investigation of 
the asymptotic behavior of S,, (r = 0, 1,2,3,4) is 
presented in Appendix B, and the results are 
tabulated in Table 1. 

Table 1. Asymptotic behuviour of 8, 
_.-- ___~ 

Where I is the forcing factions appeared in 
equation (10). 6L(&. is the asymptotic behavior 
of homogeneous solution while @&). is that of 
inhomogeneous solution with vI = 77 + 0.3408. 

The asymptotic behavior of 6, is q”, In Q, 
therefore 6, must include a term like t4 In E. 

Since the integrations have been carried out 
only to r = 3, the logarithmic term does not 
appear in the present expansion. 

T 

Numerical results for Bo, 0,, oz and 8, are 
tabulated in [7] for Pr = O-75 and SC = 1.0. 

The governing equations of K0 and ICI as well 
as their boundary conditions are identical to 
those in [2] and the solutions are applicable to 
the present analysis. Since KS does not appear in 
the governing equations for do, fll, &, 0,, it has 
not been integrated. 

(3) The splitting of t$ 
For illustrative purposes, the method of 

splitting and the dete~~tion of the constants 
will be given for the case of 8,. The equation for 
e,, as given in equation (10) is invariant under 
the scale transformation, 

0, = /?, 0, and flI = PI 8, 

where & = - /$ for the upper and the lower 
half plane respectively. 

We split each of 0, and 0, into two indepen- 
dent solutions pII, and ylz respectively 

@I = AI, RI+ A,, 9712 

f% = kPl1 + 42~12 I 

(12) 

so that 

where 

L, = -!_ + 2Prf0 j; - Pr fO’ 
dr1’ 

(14) 

Subject to the canonical initial conditions 

PI&8 = 0 \ %2(O) = 1 
9$(O) = 1 i RX01 = 0 > 

(15) 

The four known constants, AlI, A,, A,, and 
A,, are to be determined by 

(1) the initial conditions as given in equations 
(6) and 

(2) the smooth matching of the function, and 
the first derivatives at 71 = ij = 0, i.e. 

a @I(O) = S,@Ii,<O> (16) 

is, @l(O) = -w q(O) 07) 

These conditions of contin~ty require 
AU = 211 and A, = -2,. The case of 



286 S. I. CHENG and H. H. CHIU 

Table Z(a). The split s5~~~~5n (wheft #To is close f5 unity) 
8, = Nr Ari Fri + Nrp Arpi (prpi 

i_-- __- _._.__ . . . _ -. _. _ / 
r 

1 / 
N A 940) j 97’(O) 

-_ 
1 
1 2 
2 1 
2 2 

2 P 1 

2 P 2 

3 1 

3 2 

3 P 1 

3 P 2 

3 P 3 

3 P 4 
0, ed31 

-9BPrexp - - -- 
i ) A I% 

81 
Bl 
1 
1 

1 

1 

1 
I 

Cl1 

1 

0 
0 
1 
0 

0 

0 

1 

0 

0 

0 

0 

0 

I I 
In which C,.; = lim q&, 

rl-+m 
Subscript p indicates particular integral 

1 
0 
0 
1 

0 

0 

0 

1 

1 

1 

1 

1 

_.- 
Nr indicates the scale multiplier for 8, 
,$ the coefficient for the initial temperature profile. 

-=_-_- 
Table 2(b). The split solution (when PO is not close to unity) 

_...~ 

r i 

1 
1 2 
2 1 
2 2 
2 # 1 

2 2 
3 1 
3 2 

3 P 1 

3 P 2 -9BPr exp - ;z 3a, 
i ) 

3 P 3 0 
3 P 4 0 

N I A p;(O) j p’(O) 

j- 

-9BPrexp (-- +-) ‘-1 

1 0 

8 



REACTION IN AN INITIALLY NON-UNIFORM TEMPERATURE FIELD 287 

AI2 = - AI2 is ruled out by the antis~etri~ity 
of 0, and 8,. The initial conditions 

lim WY -+ #L _ll: &/;i -+ #k = -A (18) 
rl-+=J 

lead to the same result 

therefore 

The integration of yI1 was carried out up to 
the point where ~~~, or rp’,, remains essentially 
constant. The numerical value of AI1 or A,, is 
obtained from (20). The splitting procedure for 
the independent integrations, and the constants 
for each split solution are tabulated in Tables 2 
(a, b). 

IV. RESULTS AND DISCUSSION 

(1) Construction of complete solution of e for 
small y and p 

The complete solution for 8 can be written in 
the following way with all the numerical results 
inserted : 

- I%) + 4.41 BPr exp 

(21) 

8 can be written in the same manner except that 
all the constant Is, must be properly modified 
and v291, 9)3P1, 973PS, must be replaced by 9sP2 
V 39% and 9)3P,4. Thus the solutions for 8 and 0 can 
be easily calculated at any point 5, 7) within the 
range of validity of the series. Furthermore, the 
location of the initial bulge can be calculated by 
substituting the asymptotic solutions of v+j’s. 

Yj 
I 

u=i , 

C~BUSTI~ 
PFQDUCTS ! 

K*O 

f 

UNINSULATED FLAT 

PLATE 

COMBUSTIBLE 

FIG. 2. Schematic of model with co-ordinate system. 

(2) Case of no chemical reaction 
The temperature distribution in the case of the 

mixing of a heated and a cold air stream, has 
been calculated for a particular initial tempera- 
ture profile. The results are compared with the 
experiment as shown in Figs. 3 and 4. 

Fig. 3 shows the initial velocity profile with 
the free stream velocity of approximately 15.2 
ft/sec for both streams. (In Fig. 3 it is seen that 
the velocity profile is not symmetric with respect 
to the partition y = 0, as in the physical plane. 

FIG. 3. Initial velocity profile in compressible plane. 
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Y 1.0 8 .6 ?i .2 0 .2 4 .6 .8 IO v 

FIG. 4. Temperature profile incompressible plane. 

When the y co-ordinates are contracted, accord- 
ing to the Howarth transformation, they will 
reduce to appro~mately symmetric Blasius 
profile as postulated in the analysis. The reduc- 
tion of the experimental data will be given in 
Appendix C.) Fig. 4 shows the temperature 
distribution in the wake near the trailing edge. 
The free stream temperatures of the hot and the 
cold streams are 540” and 45°F respectively. 

In Fig. 4 the cross represents the initial tem- 
perature as measured. The solid curve is the 
approximation for the initial temperature profile 
on which the calculation of the downstream flow 
field is based.. 

The circle represents the temperature 
measured at different transverse positions, 0.05 
in. downstream of the trailing edge. The broken 
line is the corresponding temperature distribution 
as calculated based on equation (21). 

It is interesting to note from both the measured 
and the calculated profile that the do~stream 
temperature is higher than the upstream tem- 
perature in the hot stream side, and is lower in 
the cold stream side along constant y lines when 
1~~1 is small. As a result, the temperature profile 
shows a steeper slope toward the downstream 
region along the dividing stream line. 

This result might be disturbing if one should 
consider the change of temperature distribution 
as being carried out by the diffusive process 
alone as in the ideal case of mixing of two 
uniform streams. 

However, inside the viscous mixing region of 
two uniform streams, the stream lines must 
converge toward the dividing stream line 
immediately downstream of the trailing edge 

of the partition. This is because the u-velocity 
component parallel to the dividing stream line, 
increases toward the downstream direction, 
i.e. &j& > 0. The equation of mass con- 
tinuity then gives 

aa au IDp 
$jj 

zzz- 
ax + p Bt’ 

While au/ax becomes very large, --(l~~~(D~~Dt) 
is vanishingly small when the trailing edge is 
approached. Hence &J/$v < 0. With I‘ = 0 at 
y = 0 the transverse velocity component c is 
always negative. The stream lines will therefore 
converge inside the viscous wake layer, at least 
jmmediately downstream of the trailing edge. 

The convergence of the stream lines on both 
sides of the partition toward y = 0, upon 
entering into the wake, tends to increase the 
temperature gradient across the dividing stream 
line y = 0. This is opposite to the effect of heat 
diffusion. If the former effect predominates the 
temperature gradient across the stream line will 
actually increase toward the downstream region 
as was found from both the calculated and the 
measured results. The importance of the non- 
uniform initial temperature profiles in each 
stream in determining the temperature field in 
the wake, especially near the trailing edge of the 
partition, is then evident even in the absence of 
chemical reaction. 

(3) Case with chemical reaction 
The rate of chemical reaction in the wake 

region will be adversely affected because of the 
lowered effective temperature over the hot side 
of the wake. However, no definite conclusion 
could be made concerning the development of 
the maximum in the temperature profile. The 
effect of the lowered rate of chemical kinetics is 
counteracted by the lower rate of heat transfer 
from the hot stream to the cold stream. More- 
over, the maximum temperature point developed 
deeper in the hot stream when compared with 
the case with step initial temperature profile. It 
is difficult to visualize qualitatively how the 
overall effect will be in the presence of these 
opposing influences. A detailed investigation 
will have to depend on the calculated results for 
specific instances based on equation (21a). 
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The criteria of the initial maximum in tem- parameter [9BPr exp (-d,/Fm)] provided the 
perature profile is given as [2]: following assumptions are satisfied: 

en = t& = 0 (22) 

8, and @,, are calculated from the complete 
solution (21a) by substituting asymptotic 
approximation in P)~~~. The asymptotic approxi- (ii> 1 2[1 - (%%&/~~)I/%//% 

a32 
ja,--2%)1< 1 

mation of piiSs are given in Appendix D. The 
results are 

These are satisfied under typical conditions. For 
example, for the case reported in [2] with 

0, =(~1+8~2~+~22~1~3+~163~2+ 
Q a32yx1’3 + a33 x2’3) (X1/3) (23) 

B = 2.58 x 1013, flCE = 23.96, Fm = O(1) 
6m = O(1) 

‘,, = (4 is2 + i fl3Y + 4 a32 x*13) (3x2’3) (24) 
The first terms of the expansions are 

where xy3 = 
& + 2/(3/3183) 

c7z2 = 0,559 p2 - 0*003 & + 
8.20 al [l + 0.314 (~=~~~Frn~) (ao/ul)] ’ 

1 OTJO! 

’ 1 - 16*40a1 [I +O*314(0,~,/Fm2)(a0/a1)] x 1 

I 

’ 9BPr exp (- ~*lFrn) (28) 

- 9BPr exp 

125) 
Ys = II 35.X 

83 

a33 = O-076 & - 0,068 p3 + I 

x 1 _ 0.003 aOh rs, + 2/(3&&) 
16.40 aI i + 0.314 (t&Fm2) (cdad I 

(29) 

+ (3*436)3al 1 J 
when the second term in the brackets ineqnations 
(28) and (29) is small compared to unity. yi is 
approximately equal to 1//(3&/&). aOal etc. will 

The co-ordinates of the location with the 
then be evaluated at 6m = ~(3~~/~3). By sub- 

initial maximum in the temperature profile are 
stituting these values into equations (28) and 

found from (22-24) as 
(29) one obtains a point of the initial maximum 
in temperature profile. 

The increase in temperature at xi, yi due to 
the chemical heat generation can be calculated 
from equation (21a) as follows 

y, = :(@32 $3 + 2fi2) 

2t33 
(27) 1 1+o.455$$%p+o[$$J2+...) 

After substituting expressions (25) in equation It is interesting to note that both xf13, and de, 
(26) one obtains a general formula for xf’3, are proportional to [13, + 2/(3&3,)] which is 
which will be extremely complicated. However, the second derivative of the initial temperature 
it can be expanded in power series of the small profile evaluated at y = ~{3~~/~~~, 
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This result indicates that for larger negative 
curvature at ya the greater is the distance 
required to develop the temperature maximum 
in agreement with physical expectations. 

Typical values of /3’s and a’s have been esti- 
mated from reasonable initial temperature 
profiles. Both the co-ordinates (xi yJ of the 
point where temperature maximum occurs are 
found to be 

Xf’3 = OW77 , 3’+ = 0,485 

when the physical constants given in [2] were 
adopted. Comparison with the values of x:j3 and 
yi given in [2] for the step initial temperature 
profile shows that the temperature maximum 
develops considerably further away from the 
dividing stream line and into the hot gas stream 
when the experimental, smooth initial tempera- 
ture profile is used. The temperature maximum 
develops further upstream for the present case. 

In conclusion, the present work presents an 
analytical method for calculating the tempera- 
ture field with or without chemical reactions in 
the wake of a flow with nonuniform initial 
temperature. The importance of the non- 
uniformity of the initial temperature is illustrated 
by calling to the attention that the qualitative 
behavior of the immediate development of the 
temperature field is opposite to what may be 
expected if the nonuniformity is ignored. This 
qualitative analytic prediction is confirmed by 
experimental data. In view of the importance of 
the temperature field on the rate of chemical 
reaction, it is pertinent to emphasize the impor- 
tance of the temperature nonu~for~ty in many 
practical problems, involving chemical reaction. 
A typical example is presented. 
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APPENDIX A 

Expansion of exp (-8,/e) 
Expansion of exp (- 0,/e) about 6 = 0, 

holding y constant, can be written as : 

where 

since 
/X=0 

B=Fatjy+cc 
1 y =:. const. 

Hence equation (1) can be written as 

when /&, is close to unity, the expansion of 
exp (-8,/F) can be carried out about .Y = 0, 
withy = 35’~. 

x exp 
0, ( 1 - B 712t2 + * . - + 0 

+ (A3) 



REACTION IN AN INITIALLY NON-UNIFORM TEMPERATURE FIELD 291 

Substitute (A3) into (A2) and rearrange the 
result in ascending powers of E. The following exp(-$) =exp(-+-)r[ao+ (a,$+ 

series is obtained: 

exp(-:)=exp(-i)+f$y+ 

: 

+34 5+ {% [8,(&;) + 

+;$$I +3a,~~+3Pa,f)tP+...] 

where 

+ eLl$exp -; T4{41nf+... 
0 ( 1 0 J 

When fro is substantially different from unity, 
say l/2, the above expansion cannot be used. 
The expansion of exp (- 0,/F) must be such as 
to represent with reasonable accuracy this 
function in the region of y which is important in 
the development of the temperature maximum. 
The method of solution of the different equation 
regimes, on the other hand, exp (- 0,/F) must 
be expressed in the form of power series of y. 
Hence assume the following expansion 

exp(-$) =exp(-$)(ao+a,Y+ 

xzz 

- 

1 - Sk2 Fm’6m + i & Fm” - 

Fe!2 Fm’ _ _!e! 
i 

F&’ _ 

1 6 u2 = _ 2 
2Fm i 

2Fmf2 
Fm” - __ B,Fm’2 

__ 
Fm ’ Fm2 

APPENDIX B 

Asymptotic solution of 8!O) 
The general equation for e,(q) can be written 

in the more convenient form 

e:f + Asfoe: - h,f;e, = Pr 1, 

where 

h, = rPr 

a09 al, 
truncated 
First and 

polynomial will give the same zeroth. 
second derivatives of exp (- 0,/F) at 

some important point y = Sm. Hence, 

$_a2y2+...) 645) I, = I, = 1, = 0 

and u2, are so determined that the I, = -9BDoKo 

Z, = - 9B(D,K, + DIKo) 

I, = - 9B(DoK, + D&o) - 5fdi +f;4 tf ;b 

a0 + u,Sm + u26m2 = 1 

Fm’ 

(AC) The formal solution for 0,. can be written as 

(A7) 
6(,) = a,fi(+w + b_md - 

- Pr p Z, exp [-h, J”fo(z)dz] {fl’)($f,“)(s) - 

2a, = Fs Fm” - F%3 (F&)2 + if4 (F&)2 
where a,. b, are the arbitrarv constants and 

. 
w 

(4 fP, In ‘. are linearly independent solutions to 
the homogeneous equation. For large 77 Gold- 

From (A6), (A7) and (A8), ao, al, u2, are 
calculated, finally (A2) may be written as 

stein shows that f. behaves as quadratic func- 
tion of 7) 
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I%) - 3 al (71 + so)’ + OK7 I- V4 
exp (-- 43 (7 + SOY)1 

fX77) -%h + So) 
Using these forms for f& fi, the homogeneous 
equation becomes 

e(O) + A2 $ al (rj + So)2 8:) - 

- &a,(q + SO) 8:“) = 0 

The solutions are 

BI’O’ N Ar q;T-2exp 

+B.n::l+~[~~-(-I:_ii:jp][~-- 
*i-=1 

where 

APPENDIX C 

Reduction of experimental data 
The velocity and temperature distribution, as 

shown in Figs. 3 and 4 are obtained at planes 
perpendicular to the free stream direction and 
located at x = 0 and x = 0.05 in., respectively, 
as measured from the trairing edge of the plate. 
The hot air was heated by the electric heater to a 
temperature of 540°F while the cold air was 
observed to have a temperature of 45°F. Both 
free stream velocities were 15.2 ft/sec approxi- 
mately. 

The temperature distribution at x = 0.05 in. 
was calculated analytically on the basis of 
equation (21) for a given set of values of &., and 

fl, which are determined by the initial temperature 
profile, in the following manner. 

Firstly, the physical plane is transformed into 
the incompressible plane according to the 
Howarth transformation. For the constant 
pressure process, the density ratio p/p1 appearing 
in the transformation is replaced by the tem- 
perature ratio XI/T. The compressible plane is 
thus transformed into the incompressible plane. 
To calculate the spatial variables x = x,/41, 
y = 1/(R)yJ4/, as were defined by Goldstein, the 
effective flat plate length E must be estimated. 

It may be obtained on the basis of either the 
formula of skin friction or of the expression of 
the change of the centerline velocity given by 
Goldstein [4]. The Blasius skin friction formula 
is 

&4 

I 

Re= 
- 

?h yl=o 
= 0.664 -;lt- 

where Re = Reynolds number 41ur,Jv, I = effec- 
tive length of the flat plate, UK = free stream 
velocity in the direction parallel to the plate, 
y1 = transverse distance co-ordinate in the 
incompressible plane, With UI = 15.2 ft/sec, 
v = l-55 x 1O-4 ft2/sec., and with 

au ---I “. = 26.3 in-’ 

as was obtained from the velocity profiles in 
the incompressible plane, I was found to be 
1.30 in. Goldstein’s formula for the centerline 
velocity is 

f’(0) = 3.67896,f;(O) = 3*5415,&(O) = 8.1190, 
with ur = 15.2 ft/sec, the centerline velocity 
distribution was found to fit well with that 
given with I = 1.25 in. With UI = 15.7 ftjsec, 
I was found to be 0.8 in., these are shown in 
Fig. 5. 

In the figure circles and crosses indicate the 
actual velocity distribution along the centerline 
with UI = 15.2 ft/sec and 15.7 ft/sec, respectively. 
The variation of the center velocity with I = 1.25 
in., 1-O in., 0.8 in. are plotted. Wei~ng all the 
aspects involved, we decide to take f = 1.0 in. 
in the calculation. The initial temperature 
profile in the x-y plane was approximated by 
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FIG. 5. Centerline velocity profile. 

cubic equations for y and f smoothly joined at 
y = J = 0. By taking 3 points in each y and jj 
plane, the 6 unknown constants /3,,, ,&, pg2, /IS, 
&, W, /&, are determined, where /C$ = -PI is 
imposed as the necessary condition of smooth 
joining. 

At x0 = 0.05 in., we have x = 0.0125 and 
5 = 0.232. With the values ,$, . . . &, determined 
from the initial temperature profile, the cor- 
responding temperature distribution at 
x0 = O-05 in. is given by equation (21) as 

8 = 0.7537 + 0.0988~~1,,, + 0.0119y2, - 

-0*030197,, - 0*004~,, + 0.02851~1,,, 

6 = 0.7537 - 0.0988~;~~ + 0*0119p7,, + 

+ 0.03019?,, - 0*0049~,, - 0*0285g?,, 

Here y’s are functions of 7 = y/3r. For any 
given value of y, say y = O-174 TJ = y/3 E = 0.25 
the following values are obtained from Table 2(b). 

qII = 0.2436, qzl = 1.1598, vzz = 0.2503, 

vX1 = 1.243, pS2 = 0.2570 

Thus 0 and 0 were calculated to be O-7864, and 
O-7387 respectively at the point 71 = f = 0.25. 

The slope of the temperature profile along the 
stream line can be calculated easily by 
differentiating equation (21), with respect to y. 
With the present data the analytical result gave 
tiy/& = l-625. While the experimental result is 
1*61f at 5 = 0.232. 

APPENDIX D 

Asymptotic approximation of Figi 
The asymptotic expression of viDj are approxi- 

mated based on the computed values of the 
temperature function in [7] and are shown in the 
following : 

VI1 = 0.58771 + 0.200 

4121 = 1.8OO772 + 7 + 0.580 

fP22 = 0.610~~ + O.34377 + 0.193 

PlZlJl = 0.052~~ + 0.0281 + 0.019 

v2zJ2 = 0.173~~ + 0.167~ - 0.052 

qS1 = 1.850~~ + 2*17$2 + 0.015~ + 1.620 

932 = 0.553q3 + 0.635~~ + 0.08% + 0.370 

%Pl = 0.0954 + 2*680q2 + 3.OlOq + 1.851 

9)3P2 = 0*1m3 + 2*850q2 - 3.300~ + 2.041 

9 _qD3 = 0.103~~ + 2.930~~ - 2.847~ + 1.542 

ysD4 = 0*105~f + 2.979~~ - 2.9117 + 0.650 

The above approximate expressions are 
justified from the point of view of the behavior 
of the asymptotic solution as is given in Appen- 
dix B. 


